It was conjectured by Hajós that graphs containing no K 5 -subdivision are 4-colorable. Previous results show that any possible minimum counterexample to Hajós' conjecture, called Hajós graph, is 4-connected but not 5-connected. In this paper, we show that if a Hajós graph admits a 4-cut or 5-cut with a planar side then the planar side must be small or contains a special wheel. This is a step in our effort to reduce Hajós' conjecture to the Four Color Theorem.
Introduction
A wheel is a graph which consists of a cycle, a vertex not on the cycle (known as the center of the wheel), and at least three edges from the center to the cycle. Wheels have played important roles in studing graph structures, e.g., Tutte's characterization of 3-connected graphs [16] . Recently, Aboulker, Chudnovsky, Seymour, and Trotignon [1] characterized 3-connected planar graphs that do not contain a wheel as an induced subgraph, and used it to show that planar graphs contain no induced wheel are 3-colorable. In [11] , wheels are used to prove that certain 5-connected graphs contain a subdivision of K 5 .
We are interested in the question on when a planar graph contains a wheel that can be extended by disjoint paths to a given set of vertitces. This was motivated by Hajós' conjecture that graphs containing no subdivisions of K 5 are 4-colorable -one of the two remaining open cases of a more general conjecture made by Hajós in the 1950s (see [17] , although reference [5] is often cited.) Note that if W is a wheel with center w and w 1 , w 2 , w 3 , w 4 are distinct neighbors of w that occur on W − w in cyclic order, then we can form a subdivision of K 5 by adding disjoint paths from w 1 , w 2 to w 3 , w 4 , respectively, that are also internally disjoint from W .
We say that a graph G is a Hajós graph if
(1) G contains no K 5 -subdivision, (2) G is not 4-colorable, and (3) subject to (1) and (2), |V (G)| is minimum.
Thus, if no Hajós graph exists then graphs containing no K 5 -subdivisions are 4-colorable.
Hajós graphs must be 4-connected [19] but not 5-connected [6] [7] [8] [9] . Our goal is to derive more information about Hajós graphs in an attempt to reduce Hajós' conjecture to the Four Color Theorem. To state our result precisely, we need some notation. Let G 1 , G 2 be two graphs. We use G 1 ∪ G 2 (respectively, G 1 ∩ G 2 ) to denote the graph with vertex set V (G 1 ) ∪ V (G 2 ) (respectively, V (G 1 ) ∩ V (G 2 )) and edge set E(G 1 ) ∪ E(G 2 ) (respectively, E(G 1 ) ∩ E(G 2 )). Let G be a graph and k a nonnegative integer; then a k-separation in G is a pair (G 1 , G 2 ) of edge-disjoint subgraphs
For a wheel W with center w in a graph G and for any S ⊆ V (G − w), we say that W is S-good if S ∩ V (W ) ⊆ N G (w), where N G (w) denotes the set of neighborhood of w in G.
In Figure 1 , we list six graphs drawn in a closed disc with S consisting of five vertices on the boundary of the disc. Note that none of these graphs contains an S-good wheel. Given a graph G and S ⊆ V (G), we say that (G, S) is planar if it can be drawn in a closed disc in the plane with no edge crossings and S is contained in the boundary of the disc. Our result can be stated as follows, it will be used in a subsequent paper to show that Hajós graph has no 4-separation (G 1 , G 2 ) such that (G 1 , V (G 1 ∩ G 2 )) is planar and |V (G 1 )| ≥ 6, a step in an attempt to reduce the Hajós conjecture to the Four Color Theorem. However, we need to consider 5-separations as well when we try to extend a wheel to a subdivision of K 5 . Theorem 1.1. Let G be a Hajós graph and (G 1 , G 2 ) be a separation in G of order 4 or 5 such that (G 1 , V (G 1 ∩ G 2 )) is planar and V (G 1 ) \ V (G 2 ) = ∅. Then one of the following holds:
• |V (G 1 ∩ G 2 )| = 4 and |V (G 1 )| = 5.
• |V (G 1 ∩ G 2 )| = 5, G 1 is one of the graphs in Figure 1 , and if |V (G 1 )| = 8 then the degree 3 vertex in G 1 has degree at least 5 in G.
In Section 2, we deal with several cases when G 1 is small. In Section 3, we deal with 4-separations, and in Section 4, we deal with 5-separations.
It will be convenient to use a sequence of vertices to represent a path, with consecutive vertices representing an edge in the path. Let G be a graph. For S ⊆ V (G), and for any set T of 2-element subsets of V (G), we use G − (S ∪ T ) to denote the subgraph of
denotes the subgraph of G induced by vertices in V (G) \ S, and write G − x when S = {x} and T = ∅. For any set S disjoint from V (G) and any set T of 2-element subsets of V (G)∪S, we use G+(S ∪T ) to denote the graph with V (G+(S ∪T )) = V (G) and E(G + (S ∪ T )) = E(G) ∪ T , and write G + xy if S = ∅ and T = {{x, y}} with x, y ∈ V (G). Let C be a cycle in a plane graph, and let u, v ∈ V (C). If u = v let uCv = u, and if u = v let uCv denote the subpath of C from u to v in clockwise order.
Small graphs
In this section, we consider situations when a Hajós graph has a separation of order at most 5 and one side of the separation is a special small graph. We need the following result from [19] . We first deal with 4-separations in a Hajós graph with one side having six vertices.
Lemma 2.2. Let G be a Hajós graph and let
}, and assume that G 1 is drawn in a closed disc in the plane with no edge crossings such that v 1 , v 2 , v 3 , v 4 occur on the boundary of a disc in clockwise order. Then, since G is 4-connected (by Lemma 2.1), we may further assume that
Thus G has a 4-coloring, say σ. If σ(v 2 ) ∈ {σ(v 1 ), σ(v 3 )} then we can extend σ to a 4-coloring of G by greedily coloring v, u in order. If σ(v 2 ) / ∈ {σ(v 1 ), σ(v 3 )} then we can extend σ to a 4-coloring of G by coloring v with σ(v 2 ) and coloring u greedily. Either way, we obtain a contradiction to the assumption that G is a Hajós graph.
Next two lemmas deal with 5-separations in Hajós graphs with 8 vertices on one side.
Lemma 2.3. Let G be a Hajós graph and let
Proof. Suppose for a contradiction that
}, and assume that G 1 is drawn in a closed disc in the plane with no edge crossings, such that v 1 , v 2 , v 3 , v 4 , v 5 occur on the boundary of the disc in clockwise order.
Note that N G (v i )∩{u, v, w} = ∅ for i ∈ [5] . For, otherwise, we may assume by symmetry that
Moreover, no vertex in {u, v, w} is adjacent to four vertices in V (G 1 ∩ G 2 ). For, suppose vv i ∈ E(G) for i ∈ [4] . Then, by planarity and connectivity, G has a separa-
) is planar, and
We have a contradiction to Lemma 2.2.
Also note that any two vertices of {u, v, w} must have at least four neighbors in
. Again, we have a contradiction to Lemma 2.2.
Without loss of generality, we may assume that a = v and b = w, and that v 1 , v 2 ∈ N G (v) and v 3 , v 4 , v 5 ∈ N G (w). We may further assume that the notation is chosen so that uv 1 , uv 5 ∈ E(G) (by planarity). Moreover, vv 3 ∈ E(G) since u and v together must have at least four neighbors in
and the paths wv 5 , wuv 1 , wvv 2 , wv 3 form a K 5 -subdivision in G, a contradiction. So
Then we obtain a contradiction by forming a K 5 -subdivision in G from T : replacing edges in {v 5 v 1 , v 5 v 2 , v 5 v 3 } ∩ E(T ) with one or two paths from {v 5 uv 1 , v 5 wvv 2 }, or {v 5 uv 1 , v 5 wv 3 }, or {v 5 uvv 2 , v 5 wv 3 }.
Thus, G has a 4-coloring, say σ. We have a contradiction by extending σ to a 4-coloring of G: first assign σ(v 5 ) to v, and then greedily color w, u in order.
Without loss of generality, we may assume that uv 1 , uv 5 , vv 2 , vv 3 ∈ E(G). By symmetry and planarity, assume wv 3 , wv 4 
w}) (but we are in Case 2). On the other hand, since any two vertices of {u, v, w} must have at least four neighbors in V (G 1 ∩ G 2 ), wv 5 ∈ E(G) or vv 1 ∈ E(G). So by symmetry, we may assume wv 5 ∈ E(G) and vv 1 / ∈ E(G).
can be replaced by v 5 uvv 2 , v 5 wv 3 , respectively. Hence G has a 4-coloring, say σ. By assigning σ(v 5 ) to v and greedily coloring w, u in order, we obtain a 4-coloring of G, a contradiction. Now we characterize the situation when the planar side of a 5-separation in a Hajós graph has exactly eight vertices. Figure 1 , where the vertex in
Lemma 2.4. Let G be a Hajós graph and let
} and we may assume that G 1 is drawn in a closed disc in the plane such that t 1 , t 2 , t 3 , t 4 , t 5 occur on the boundary of the disc in clockwise order.
is planar, D must be connected. Thus, by Lemma 2.3, D is a path of length two, and we write D = uvw.
Suppose that
Hence, by planarity, G has a separation (
is planar, and
Thus, since G is 4-connected and (
) is planar, we may assume that
Then vt 3 , vt 4 ∈ E(G). For, otherwise, we may assume by symmetry that
(and hence G) also contains a K 5 -subdivision. Thus, since G is a Hajós graph, G is 4-colorable; and let σ be a 4-coloring of G . By assigning σ(t 1 ) to v and greedily coloring u, w in order, we obtain a 4-coloring of G, a contradiction.
So by planarity of
) is the 8-vertex graph in Figure 1 , as V (G 1 ∩G 2 ) is independent in G 1 . So assume that d G (t 1 ) = 4, and let G be obtained from G − {t 1 , v} by identifying u and w as v * . Then G has no
(and hence G) also contains a K 5 -subdivision. So let σ be a 4-coloring of G . Then by assigning σ(v * ) to both u and w and greedily coloring v, t 1 in order, we extend σ to a 4-coloring of G, a contradiction.
4-Separations
In this section we prove that if the planar side of a 4-separation in a Hajós graph has at least 6 vertices then it contains a good wheel. 
Proof. We may choose (G 1 , G 2 ) so that G 1 is minimal, since, for any 4-separation ( 4 } and assume that G 1 is drawn in a closed disc in the plane with no edge crossings and with t 1 , t 2 , t 3 , t 4 on the boundary of the disc in clockwise order.
Thus by planarity (and choosing appropriate notation for t i ), we may assume that
Let C be the outer cycle of D. If there exists x ∈ V (D) \ V (C) then all vertices and edges of D cofacial with x (including x) form the desired wheel. Thus we may assume that
We claim that
For, suppose (4) fails and, without loss of generality, assume that
By (1) and by planarity,
is planar, and |V (H 1 )| ≥ 6 (by (1)). Now (H 1 , H 2 ) contradicts the choice of (G 1 , G 2 ) (the minimality of G 1 ).
Hence
We may assume that
. For, suppose, without loss of generality, that there exists u ∈ V (u 4 Cu 1 ) \ {u 4 , u 1 } with ut 1 ∈ E(G). Then the vertices and edges of G 1 cofacial with Clearly, (H 1 , H 2 ) contradicts the choice of (G 1 , G 2 ) .
So let u ∈ V (C) \ {u 1 , u 2 , u 3 , u 4 } and, without loss of generality, assume that u ∈ V (u 4 Cu 1 ). Since ut 1 / ∈ E(G), uu 2 , uu 3 ∈ E(G) as G is 4-connected. Hence, G has a 5- 6) and by planarity of D, we may assume D = C + u 2 u 4 . Note that G := (G − {u 1 , u 2 , u 3 , u 4 }) + {t 1 t 2 , t 2 t 3 , t 3 t 1 } contains no K 5 -subdivision; for, if T is a K 5 -subdivision in G then, by replacing t 1 t 2 , t 2 t 3 , t 3 t 1 (whenever in T ) with t 1 u 1 t 2 , t 2 u 2 t 3 , t 3 u 3 u 4 t 1 , respectively, we obtain a K 5 -subdivision in G.
Thus let σ be a 4-coloring of G . If |{σ(t i ) : i ∈ [4]}| = 4 then assign to u 1 , u 2 , u 3 , u 4 the colors σ(t 4 ), σ(t 1 ), σ(t 2 ), σ(t 3 ), respectively, we obtain a 4-coloring of G, a contradiction. So assume |{σ(t i ) : i ∈ [4]}| = 3 and σ(t 4 ) ∈ {σ(t i ) : i ∈ [3]}. We derive a contradiction by extending σ to a 4-coloring of G: If σ(t 4 ) = σ(t 2 ) or σ(t 4 ) = σ(t 1 ) then assign σ(t 1 ), σ(t 3 ) to u 2 , u 4 , respectively, and greedily color u 1 , u 3 in order; and if σ(t 4 ) = σ(t 3 ) then assign σ(t 1 ), σ(t 2 ) to u 2 , u 4 , respectively, and greedily color u 1 , u 3 in order.
5-Separations
In this section, we characterize the 5-separations (G 1 , G 2 ) in a Hajós graph such that G 2 ) , and assume that G 1 is drawn in a closed disc in the plane such that t 1 , t 2 , t 3 , t 4 , t 5 occur on the boundary of the disc in clockwise order. Therefore, by planarity and the assumption that
is planar, we may assume without loss of generality that 
\ {i} and, subject to this, w i Cv i is minimal. Then v 1 , w 1 , v 2 , w 2 , v 3 , w 3 , v 4 , w 4 , v 5 , w 5 occur on C in clockwise order. We may assume
. Then, since G is 4-connected, all vertices and edges in
We may also assume that Note that if the second half of (3) holds then the first half of (3) follows from the planarity of G 1 . Thus, we only consider the second half of (3) with w 5 = v 1 , without lost of generality. Then w 5 t 1 , v 1 t 5 / ∈ E(G). By planarity of G 1 , neither v 1 nor w 5 is adjacent to any of {t 2 , t 3 , t 4 }. Hence, since G is 4-connected, there exist w 5 w 5 , v 1 v 1 ∈ E(G) \ E(C), where v 1 , w 5 ∈ V (C) (by (2)). By planarity of G 1 again, v 1 , v 1 , w 5 , w 5 occur on C in this clockwise order. Choose these edges so that v 1 Cw 5 is minimal.
It suffices to show that v 1 Cw 5 ⊆ v 3 Cw 3 − {v 3 , w 3 }. For, suppose v 1 Cw 5 ⊆ v 3 Cw 3 − {v 3 , w 3 }. Then we may assume by symmetry that w 5 ∈ V (w 3 Cw 5 − w 5 ). Since G is 4-connected, {t 5 , w 5 , w 5 } cannot be a cut in G; so w 5 ∈ V (w 3 Cw 4 − w 4 ). Let w be the neighbor of w 5 with w 5 w ∈ E(w 5 Cv 1 ). Then G 1 has a 4-separation (
Thus, by (3), we have two cases.
Without loss of generality, assume that w 5 = v 1 , and, by (3), let v 1 , w 5 ∈ V (v 3 Cw 3 ) \ {v 3 , w 3 } such that w 5 w 5 , v 1 v 1 ∈ E(G) and, subject to this, v 1 Cw 5 is minimal.
We may further assume that |V (w 5 Cw 5 )| = 4. To see this, we first note that, by (2), If u ∈ V (w 5 Cv 4 ) then uw 4 , uw 5 ∈ E(G) and G has a 5-separation (H 1 , H 2 ) such that By symmetry, we may also assume that |V (v 1 Cv 1 )| = 4.
is the triangle uw 5 w 5 u, contradicting Lemma 2.3.
. By symmetry, we may assume the former. Let G := G − {v 4 , v 5 , w 5 } + {w 5 t 4 , w 5 t 5 }. Then G has no K 5 -subdivision; for, if T is a K 5 -subdivision in G then (T − {w 5 t 4 , w 5 t 5 }) ∪ w 5 v 4 t 4 ∪ w 5 w 5 t 5 (and, hence, G) would also contain a K 5 -subdivision. So let σ be a 4-coloring of G . By assigning σ(w 5 ) to v 5 and greedily coloring v 4 , w 5 in order, we obtain a 4-coloring of G, a contradiction.
So
Thus, let σ be a 4-coloring of G . We derive a contradiction by extending σ to a 4-coloring of G as follows: First, assign σ(v) to both v 2 and v 5 . Then greedily color v 3 , v 4 , w 5 in order. If w 5 receives σ(t 5 ) then greedily color v 1 , w 5 in order. Otherwise, assign σ(t 5 ) to v 1 and greedily color w 5 .
. For, suppose not and, by symmetry, assume that |V (v 1 Cw 1 )| ≥ 4, and let a, b ∈ V (v 1 Cw 1 ) \ {v 1 , w 1 } be distinct such that v 1 , a, b, w 1 occur on C in clockwise order and ab ∈ E(C). By planarity,
so by symmetry, we may assume the former. Then, since G is 4-connected, there exists b ∈ N G (b) ∩ V (v 2 Cv 4 − v 2 ) and choose b so that b Cv 4 is minimal. Now G 1 has a 4-separation (G 1 , G 1 ) 1 and v 7 = v 2 .) For, otherwise, G 1 has a 4-separation (G 1 , G 1 ) such that
Next, we claim that G 2 has a 4-coloring σ with |σ({t i :
We assume that the 4-coloring σ of G 2 uses colors from {1, 2, 3, 4} and that σ(
Then by the above assumption, {v i : i ∈ [5]} is an independent set in G. Since D is outer planar, we may let σ be a 3-coloring of D using colors from {1, 2, 3}. By changing σ (v i ) to 4 for i ∈ [5] , we obtain a 4-coloring σ of D from σ . Now σ and σ form a 4-coloring of G, a contradiction.
Without loss of generality, let v 1 v 2 ∈ E(G). Then by the above assumption, {v 2 , v 3 , v 4 , v 5 } is an independent set in G. Take a 3-coloring σ of D using colors from {1, 2, 3} such that σ (v 1 ) / ∈ {σ(t 1 ), σ(t 5 )}. Let σ be the 4-coloring of D obtained from σ by changing σ (v i ) to 4 for i = 2, 3, 4, 5. Then we see that σ and σ form a 4-coloring of G, a contradiction.
So we may assume without loss of generality that
has three vertices, namely, a, b, and c, it must be a path by Lemma 2.4.
Suppose ab, ac ∈ E(G). Then, since G is 4-connected and (
So by symmetry, let ca, cb ∈ E(G), then ab ∈ E(G). Then, since G is 4-connected and Since G is 4-connected and (G 1 , V (G 1 ∩ G 2 ) ) is planar, ab ∈ E(G) and we may assume by symmetry between a and b that bv 4 ∈ E(G) and bv 5 / ∈ E(G). By assigning σ(t 4 ) to a, the color 4 to v 1 , v 2 , v 4 , and greedily coloring v 5 , v 3 , b in order, we extend σ to a 4-coloring of G; a contradiction as G is a Hajós graph.
Thus, we may assume, without loss of generality, that
By the planarity of G 1 and the symmetry between a and b, we may assume that av 3 / ∈ E(G). We can now extend σ to a 4-coloring of G by assigning the color 4 to v 1 , v 2 , v 4 , and greedily coloring v 5 , v 3 , b, a in order. This contradicts the assumption that G is a Hajós graph.
Without loss of generality, we may assume that |V (v 1 Cv 2 )| = 3 and let a ∈ V (v 1 Cv 2 ) \ {v 1 , v 2 }. Since G is 4-connected, a is adjacent to at least two of {v 3 , v 4 , v 5 }.
We claim that av 3 , av 5 ∈ E(G). For, otherwise, by symmetry, assume av 3 / ∈ E(G). Then av 4 , av 5 ∈ E(G), and G has a 5-separation (
Moreover, v 3 v 5 ∈ E(G). For, otherwise, we can extend σ to a proper 4-coloring of G by assigning the color 4 to v 1 , v 2 , v 4 and greedily coloring v 3 , v 5 , a in order, a contradiction.
Then av 4 / ∈ E(G) by planarity.
(and, hence, G) contains a K 5 -subdivision. Hence, G contains no K 5 -subdivision. So let σ be a 4-coloring of G . Now σ can be extended to a 4-coloring of G by assigning σ (t 1 ) to a and greedily coloring v 1 , v 2 in order. This is a contradiction. 
So G contains no K 5 -subdivision and, thus, has a 4-coloring, say σ .
If σ (t 2 ) = σ (t 3 ) then by assigning σ (t 1 ) to v 4 and greedily coloring v 5 , v 1 , v 2 , v 3 in order, we get a 4-coloring of G, a contradiction. So σ (t 2 ) = σ (t 3 ). Similarly, σ (t 4 ) = σ (t 5 ). Then by assigning σ (t 1 ), σ (t 3 ), σ (t 4 ) to v 4 , v 2 , v 1 , respectively, and greedily coloring v 3 , v 5 in order, we obtain a 4-coloring of G, a contradiction.
We now complete the characterization of all 5-separations (G 1 , G 2 ) in a Hajós graph such that (G 1 , V (G 1 ∩ G 2 ) ) is planar and G 1 contains no V (G 1 ∩ G 2 )-good wheel. We say that (G 1 , V (G 1 ∩ G 2 )) is one of the graphs in Figure 1 if G 1 is isomorphic to one of the graphs in Firgure 1 and V (G 1 ∩ G 2 ) correspond to the set S there.
Lemma 4.2. Let G be a Hajós graph and (G 1 , G 2 ) be a 5-separation in G such that
is one of the graphs in Figure 1 .
) is one of the two 6-vertex graphs in Figure 1 . So we may assume that
We may also assume that
For, otherwise, suppose x ∈ V (G 1 ∩ G 2 ) and x has no neighbor in
We may further assume that
) is the first 7-vertex graph in Figure 1 ; and if
) is the second 7-vertex graph in Figure 1. 2 By Lemma 4.1, we may assume that there exists x ∈ V (G 1 ∩G 2 ) such that x has exactly one neighbor in H 2 ) is a separation in G. Let V (H 1 ∩ H 2 ) = {p, q, r, s, t} and assume that H 1 is drawn in a closed disc in the plane with no edge crossings such that p, q, r, s, t occur on the boundary of the disc in clockwise order. Note that y ∈ {p, q, r, s, t}. We may assume that First, consider the case y ∈ {q, t}. By symmetry, assume y = q. Since G is 4-connected, d G 1 (q) ≥ 4; so qp, qr ∈ E(G) as (G 1 , V (G 1 ∩ G 2 ) ) is planar. Then {p, q, r, u, v} induces a V (G 1 ∩ G 2 )-good wheel in G 1 . Now assume y ∈ {r, s} and, by symmetry, let y = s. We may assume rs / ∈ E(G), as otherwise, {p, r, s, u, v, w} induces a V (G 1 ∩G 2 )-good wheel in G 1 . Hence G has a separation (L 1 , L 2 ) such that V (L 1 ∩ L 2 ) = {p, t, v, x}, G 2 ⊆ L 2 , and |V (L 1 )| = 6; which contradicts Lemma 3.1.
Thus, y = p. If pq, pt ∈ E(G) then G 1 is the 9-vertex graph in Figure 1 . So assume by symmetry that pq / ∈ E(G). Then G has a separation (L 1 , L 2 ) such that V (L 1 ∩ L 2 ) = {r, s, t, u, x} and L 1 − V (L 1 ∩ L 2 ) is the triangle pvwp, contradicting Lemma 2.3. 2 By (3), we may assume |V (G 1 ) \ V (G 1 ∩ G 2 )| ≥ 5 and, subject to this, we may choose (G 1 , G 2 ) so that G 1 is minimal. Then by the choice of (G 1 , G 2 ), |V (H 1 ) \ V (H 1 ∩ H 2 )| = 4.
It is clear that Theorem 1.1 follows from Lemmas 3.1 and 4.2. Our motivation to prove Theorem 1.1 is to use wheels to construct subdivisions of K 5 : Let W be a wheel with center w and let w 1 , w 2 , w 3 , w 4 be distinct neighbors of w on the cycle W − w in cyclic order. If P 1 , P 2 are disjoint paths from w 1 , w 2 to w 3 , w 4 , respectively, and internally disjoint from W, then W ∪ P 1 ∪ P 2 form a subdivision of K 5 .
We know from results in [9, 19] that every Hajós graph has a 4-separation. Now suppose (G 1 , G 2 ) is a 4-separation in G with V (G i ) \ V (G 3−i ) = ∅ for i ∈ [2] . We have shown that if (G 1 , V (G 1 ∩ G 2 ) ) is planar and |V (G 1 )| ≥ 6 then G 1 contains a V (G 1 ∩ G 2 )-good wheel, say W . In a subsequent paper, we will show that we can extend W to V (G 1 ∩ G 2 ) by four disjoint paths from four distinct neighbors of w on W − w to V (G 1 ∩ G 2 ). If G 2 has the right disjoint paths between the vertices of V (G 1 ∩ G 2 ) then we can form a subdivision of K 5 in G. If not then by Seymour's characterization of 2-linked graphs, we will see that (G 2 , V (G 1 ∩ G 2 ) is planar and, hence, G would be planar.
As a consequence, no Hajós graph admits a 4-separation (G 1 , G 2 ) such that |V (G 1 )| ≥ 6 and (G 1 , V (G 1 ∩ G 2 )) is planar. This is an important step in modifying the recent proof of the Kelmans-Seymour conjecture in [6] [7] [8] [9] to make progress on the Hajós conjecture; in particular, for the class of graphs containing K − 4 as a subgraph, where K − 4 is the graph obtained from K 4 by removing an edge. The arguments in [7, 8] heavily depend on the assumption of 5-connectedness, and we wish to replace such arguments with coloring arguments. For this to work, we need to first deal with 4-separations with a planar side, similar to the result in [11] on 5-cuts with a planar side.
